The conformal geometry of spacelike surfaces in 4-dimensional Lorentzian space forms has been studied by the authors in a previous paper, where the so-called polar transform was introduced. Here it is shown that this transform preserves spacelike conformal isothermic surfaces. We relate this new transform with the known transforms (Darboux transform and spectral transform) of isothermic surfaces by establishing the permutability theorems.
Introduction
Isothermic surfaces are classical objects in differential geometry. The most beautiful results about them are those transforms producing new isothermic surfaces, such as the dual isothermic surface (also named the Christoffel transform), the spectral transform (also known as the T-transform, the Bianchi transform or the Calapso transform), and the Darboux transform. In particular, people established the permutability theorems relating them (see [9] for an overview). These facts indicate that there is a structure of integrable system underlying the theory about isothermic surfaces, which was revealed only in the past 20 years [6, 4, 3, 2] .
For Lorentzian space forms there is also a parallel theory of conformal geometry [1] . Thus it is natural to study isothermic surfaces in this context [7, 8] . Zuo et al [12] generalized the Darboux transform of isothermic surfaces to the pseudo-Riemannian space forms using the methods developed by Burstall in [3] and Bruck et al in [2] . Their methods mainly concerned the integrable system aspect of the theory.
In [11] we studied spacelike surfaces in Q . Applying these transforms successively, we obtain a sequence of conformal immersions. We proved in [11] that these transforms preserve the Willmore property.
[Ŷ ]
The first main result in this paper is that the isothermic property is also invariant under the polar transform (Theorem 5.3). A new isothermic surface produced in this way is neither the spectral transform nor the Darboux transform of [Y ] . Hence it turns out to be a new transform for isothermic surfaces. (The authors note that similar results hold for timelike Willmore surfaces and for timelike isothermic surfaces in Q 4 2 , which might be treated in another paper.)
It is natural to wonder about the relationship between this new transform and the old ones. In particular, does the polar transform commute with the spectral transform or the Darboux transform? The answer is affirmative. Two of such permutability theorems are established at here. See Theorem 6.1 and Theorem 7.1. This paper is organized as follows. In Section 2 and Section 3 we review the main theory about the Lorentzian conformal space Q 4 1 and spacelike surfaces in it. The definition and examples of isothermic surfaces are discussed in Section 4. Then we introduce the polar transform of spacelike isothermic surfaces in Section 5. Finally, after describing the spectral transform and Darboux transform of an isothermic surface, we establish the commutability between them and the polar transform in Section 6 and Section 7 separately.
2 The Lorentzian conformal space Q 4 1 Let R n s denote the space R n equipped with the quadratic form
In this paper we will mainly work with R 6 2 , whose light cone is denoted as C 5 . The quadric
is exactly the projective light cone with the projection map π : C 5 \{0} → Q 
is endowed with the Lorentzian metric g(S 3 ) ⊕ (−g(S 1 )), where g(S 3 ) and g(S 1 ) are standard metrics on S 3 and S 1 . The conformal group of (Q 
As in Moebius geometry, Q 
1 is the proper space to study the conformal geometry of these Lorentzian space forms.
We also have round spheres as the most important conformally invariant objects in Q 4 1 . Here we only discuss round 2-spheres (they were named conformal 2-spheres in [1] ). Each of them could be viewed as a geodesic 2-sphere in a 3-dim Lorentzian space form. Alternatively, a round 2-sphere is identified with a 4-dim Lorentzian subspace in R Given such a 4-space V , the round 2-sphere is given by
3 Spacelike surfaces in Q 
is a Lorentzian rank-4 subbundle independent to the choice of Y and z. V ⊥ is also a Lorentzian subbundle, which might be identified with the normal bundle of y in Q 
For V ⊥ which is a Lorentzian plane at every point of M, a natural frame is {L, R} such that
Given frames as above, we note that Y zz is orthogonal to Y , Y z and Yz.
So there must be a complex function s and a section κ ∈ Γ(V
This defines two basic invariants κ and s dependent on z. Similar to the case in Möbius geometry, κ and s are called the conformal Hopf differential and the Schwarzian derivative of y, respectively (see [5] , [10] ).
Let D denote the normal connection, i.e. the induced connection on the bundle V ⊥ . We have
for the connection 1-form αdz. Denote
where
The structure equations are given as follows:
The conformal Gauss, Codazzi and Ricci equations as integrable conditions are:
4 Spacelike isothermic surfaces Since κ is real-valued, from the conformal Ricci equations in (12) we see that its normal bundle is flat. This is an important property of isothermic surfaces, which guarantees that all shape operators commute and the curvature lines could still be defined. Indeed we can equivalently define y to be isothermic if it has flat normal bundle and if it has conformal curvature line parameters. Put differently, the two fundamental forms of an isothermic surface are of the form
with respect to some parallel normal frame {e 3 , e 4 }. Then (u, v) are curvature line parameters and z = u + iv is an adapted complex coordinate. Our definition generalizes the notion of isothermic surfaces in 3-dim space forms and includes them as special cases. In the following we provide more examples of isothermic surfaces in Q 
It is easy to verify that (13) is satisfied when u is reparameterized suitably.
Example 4.3. In [11] we constructed a class of homogenous spacelike tori as below, which are both Willmore and isothermic. Set ψ = ψ(t, θ)
2 is given by Y t (θ, φ) = cos(tψ) cos φ, cos(tψ) sin φ, sin(tψ) cos φ, sin(tψ) sin φ, cos ψ, sin ψ .
Note that the period condition is satisfied if t is a rational number; hence after projection π we obtain an immersed torus. For the details see [11] .
Polar transform of isothermic surfaces
For a conformal spacelike surface y : M → Q . An interesting fact showed in [11] is that they again produce conformal mappings; Moreover we have a duality in this construction: In [11] we have shown that the polar transforms of a spacelike Willmore surface are again Willmore. Here we want to show that a similar result holds true for isothermic surfaces. , by (11) we have
Thus L is the canonical life of [L] : M → Q 4 1 as desired. To determine the normal bundle of [L], we differentiate once more and invoke (11) , obtaining
(15) We point out that each of αz, λ 1 and
is real valued (or by the Codazzi and Ricci equations (12)). Now we can verify directly that Y andŶ (14) at both sides. After simplification we get
By definition, the conformal Hopf differential of L is given by 
where c ∈ R is a real parameter. By the integrable conditions, there are an associated family of non-congruent isothermic surfaces [Y c ] with corresponding invariants. Similar to the case of Möbius geometry, they are called the spectral transforms of the original surface (see [5] ). Observe that they are conformal and share the same adapted coordinate z.
Now we have two transforms, the polar transform and the spectral transform, associated with an isothermic surface. The permutability between them is established as below. 
where {Y,Ŷ } form a basis of the normal plane of L at any point. The same result applys to Y c and L c , hence [11] , yet the proof is similar and easy.
Permutability with Darboux transform
The most important transform of isothermic surfaces in R n is the Darboux transform. It is a second isothermic surface obtained from the original one by integration, depending on the choice of initial values and a real parameter. (So there are many of them.) For such a pair of isothermic surfaces forming Darboux transform to each other, a geometric characterization is that they envelop one and the same 2-sphere congruence at corresponding points, and that their conformal curvature lines are preserved by this correspondence (see [3] , [9] , [10] ). This description is easy to adapted to our case: 
which is real as desired. Finally, for z = u+iv with u, v real, the u-curves and v-curves are exactly the curvature lines on both of y and y * . This completes the proof.
Write out Y * explicitly:
Note that both of ξ, η are lightlike and ξ, η = −1. (11) of Y can be rewritten with respect to the frame {Y, Y * , P,P , ξ, η} as below.
